ntl
l./xdx—m (n = —1)

[ ]

. f%=log,lxl (z # 0)

3. fsinxdx = —cosZ

»

feoszdx =sinz

[+

. ftanxd:c = —log, |cos z|

[~

. fcotxdx = log. |sin z|



10.

11,

12.

13.

14.

1

()]

16.

17.

18.

19.

- 20.

21,

22,

/
/

dz
—— = —cot x
sin?z
/ az‘fzz arctan=~  (a # 0)
dz 1 oz _ 1 e+ z
/a2-—x2_atnh "2alg¢a__x‘ (lz] < a)
dz_ _ _ 1 %1, 2—a
g T g%h a_2a]°g'x+a (=] > a)
/e’d:c—e'
_[azdleog,a (@a>0,a=1)
/ sinh 2 dz = cosh z
./coshxdx=sinhx
/ tanh z dz = log, cosh z
/ ‘coth z dz = log, [sinh z|
dx !
fm”““
dz
/m— —coth z
/ T :ix - = arcsin :Et (a = 0)
at — g

Ta:%?—_x—’ = sinh‘lg = log, [ + Va* + 22| + 4

\/:c:l:f— == cosh-lg = log, |z + Va2 — a?| + C;



e

[

il

L

=

o

-3

[+

(a) Integrals containing axz + b (a #0)

. / (ax 4 b)rdx = Zz—(n_}{-_lj (az + by~+1 (n = —1)

dz 1 .
. /m—b=alog,(ax+b)

/ z(ax + b)"dx = Ez(n—l_'_—z—) (ax + b)r+?
~ e T @1 -D)
f zm(az + b)dz
m [ ™(az + Byt — mb / z"1(az + b)* dx]

= m [x’"“(aa: -+ b)" + nb [ a™(azx + b)»1 d:c]
m>0m+n+10)

/ 2 dz =£—(%log,(ax+b)

ax+b a

zdx b
(ax + b)2  a%(az + b)

log, (azx + b)

f rdr b _ 1
*J (ax +b)*  2a(ax +b)* a%(ax +b)

/ zgdz 1 [ b _ 1 ]
") (@ +0)  @l(n— ez +b)*' (n — 2)(az + b)~?

(n#1,2)



9.
10.

11.

[y

12.

1

14.

15.

16.

17.

1

19.

20.

21. .

0

zidx 1
ax+b ad
z2dx

(ax + b)?

2dx

(az ¥ b)*
/x’(ax + b)rdx

[(ax + bym+s
+3

=1
a

[log, (ax + b) +

- %[(aw 4 b) — 2blog. (az + b) —

b2

b2

ar +

1

(ax + b)n+?

' . dx
3. _/x(a:c-i—b)_

1
b

log,

1

fx(axdi b)? =
/x(ax Fop

/___i”‘____ -1
z¥ax +b) bx

w2 (G

blaz + b)

azx + 2b\?
ar + b

1 a

.|..

z
‘ax +

p? 08
b+ 2az

n -+ 2

b

/ dz _
z(ax + b)?

2axr —

b%x(ax < b)

b

/ dr _
") a¥az +b)

2b%r?

+

Letar + b= X (a # 0).

xddx
X2

z%dx

X3

___1(
T a

1
T

1
=E<X

X3

3
X?

2

3b

2
2 log

Then

2a
* 3

log,

a:c+b

+ b

2 log, —F—
b* “*ax + b

2(azx + b)

(ax + b)n+l

n+1

]
]

(’ﬂ # _1: =

)+ loe i)

ar + b

ax + b

X* + 30°X — b log, )

3bX + 3btlog. X + )

—3b log,X -

3b?
X

+

b
2X?

)

[%(ax + b)? — 2b(az + b) + b? log, (az + b)]

2,

—-3)



22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

/

¥ dx

1 b
=4 (l"g‘X tx- 2X2 i+ 3X3)

X4
ztdx
Xu
1 -1 + 3b _ 3b? + b3 ]
atl(n— X (r=3)X? m—2)X~? " (n— X!
(n#1,2,3,4)
X _ n — 1\ (—a)*z*
e [‘°g° 2 ( ) 3¢ ] (n21)
dx 1 3 X
X T [wx2 + g T o~ o Tc]
dz \ (—a)a+t | X g]
22X~ b"+1[ Z ( )(k— nxe=i Tz Trelesy
(n 2 2)
dx X?  3aX
g [3a2 Iog, + X + op ———]
dz 17, ., X do% o | X*  4aX
- TRl Tt Tam o T o
e ___1‘[_ "i‘ (n+1> (—a)zt | aX?
X prt2 = k ) (k—2)X+2 " 222 ‘
_(n+1DaX  a(n+ 1)a? X]
z + 3 log. z (n > 3)
my+n—2
dr 1 2 (m +n— 2) Xm-k-1(—q)*
X" pmtn—1 = k m—k— 1)zm*-1

[terms with (m — k — 1) = 0 are replaced by

("33 o]

(b) Integrals contaihing az + bandcx 4+ d (a#0,¢c#0)

J

ax + b
cx +d

dx =

a bc

-z+
c

Iog, (cx + d)



32.

33.

34.

e~

35.

36.

37.

38.

39.

N

dx

1

cx +d

(ax + b)(cx +d)  be —

zdzx

(az + b)(cx + d)

1
“bc—ad

dz

(ax + b)2(cx + d)

ad

log

‘ar + b

(be — ad = 0)

[ log (ax + b) — - log, (cx + d)] (be — ad = 0)

c cx 4+ d v
=bc—ad[ax+b+bc-—ad10g°ax+b] (bc —'ad > 0)
(c¢) Integrals containing a + z and b + z (@ #b)
zdx b o a+z
(a+z)b+ 22 (a—b)(b-{-x) (a_b)z g'b-}-
z?dzx b2 a?
G 0T G=a0Fs T G—arleata)
T
/ dx
(a + 2)*(b + z)*
__ =1 1 1 2 a4z
_(a—b)z(a+x+b+x)+( b)310g¢b+x
rdx ‘
(@ + x)*(b + x)?
=1 _a b a+b a+z
"(a—b>2(a+x+b+x>+(a—b)31°g'b+x
ztdx 7
(@ + 2)%b + z)* : ,
__—1 a? b? 2ab a4z
_-(a—b>2(a+x+b+x>+( — 7 Fh s



(d) Integrals containing ax® + bx + ¢ (a # 0)

dz
40. f ax? 4 bx + ¢

L g 2l VI dae s g
Vit — dac 20z + b+ Vb — dac
2ax + b
= retan —=—=———= b? < dac
T Viac — 2 " Vdac — b? ( ac)
2
g T
In numbers 41 through 47, let b — 4ac # 0.
n j _ 2ax + b
(ax® + bx F o (dac — b¥)(ax® + bz +¢)
+ (4ac——b2)fat2+bx+c
49 dx _ 2axr + b
’ (ax? + bx + c)*! n(dac — b¥)(ax® + bx + ¢)”
T 2(2n — Da dx
n(dac — b?) J (az® + bz + )"
zdx _1 . b dx
43. ] b Fo loge (ax? + bx + ¢) — /a—-——“xZ T hr e

x?dx T

b "
4 /ax2+bx+c T a 2a? log, (ax + bx +¢)

+ b2 — 2ac dx
2a? ax?+ bx + ¢

45f zdz . x! _9] et dx
a2 Fozt+e (@m—Lla af aa®*+br+e

n—1
_g/_ﬁ__dx__ (n > 1)

ar® +bx + ¢
46 f zdr _ —(2¢ + bx)
* ] (az? ¥ bz + o)™t n(dde — b?)(ax? + bz + )"
b(2n — 1) dx

" n(dac — b?) ) (ax* + br + )"



47.

48.

49,

rmdx ™1

(ax* + bz + o)"' ~  a@n — m + 1)(az® + bz + o)"

_n—m+1 b ™ ldx
2n —m+1 a ) (ax®+ bz + )t

m—1 c 2 dx
+ —_——_'&](a (m;éQn-i—l).

2n —m + 1 2% + bx + ¢)*t!
Let ax? +- bx + ¢ = X (a £ 0). Then

f ?ldr 1 / 7 3dr ¢ (2 3de b [ 2 tdx

X T a

de_ 1, 2 b [dz
xX 2% %X "%/ X

X T a Xn a Xn

. [ 4z 1 B 2 " dx 41 / dx
W] ZX T 2en = DX X» X1
dx b X b? a dx
S1. /rx = galonls — o+ (262 - z) X
52/d:c o 1 _2n+m — 3)a dx
) X (m — Dexm X1 (m — 1)e Py, &
_(n+m-2)bf dr
m—Tc ) z=xs ™m>D
& 1 (Jz + g)z]
. | Gt ax " s —arr e s X
‘ + 2g9a — bf dz
S — gbf + g'a) ) X
(e) Integrals containing a® + 2, with
X =a%+ 22 Y = arctanz—
or
—lgeai-x (=] < @)
z z
X =aqa% — 22 Y = tanh’(—l— . +
z+a
3 log, T —a (jz| > a)




Where 4 or ¥ appears in a formula, the upper sign refers to
X = a? + z? and the lower sign to X = a? — 22 (a = 0).

. [ Z=ly 1
55. ff—ﬁ=§—:27{+§711-3

56. [ = it e tan ¥

58. :f—)?—z=:l:%Iog,X

50. "Tdf==;=§1—

60. x)?f==FZ;(—2

6. [2€_ = 1 @w=o

Xrt! 2nX"

z¥dzx
62./ X = 4z F aY

R R . (

64. x;(ix=$§%i—87§fi8_:ﬁy

65. ‘f;i’f-—-q:éfﬁa:ilﬁ % (n 5 0)
66./x}ix=:i:%2—'%zlog,X

6r. | ZhE = 2+ 2l X

¥ dx 1 a?
68. / X = T3y +ix



dx 1

o X""‘——2(n—1)Xﬂ—1"'21?;(n (n>1)
70./:7:5 247 log,§;
71./%=2—;2—)—(+%10g,§—;

2 | Sty T e %
73./%=~a—§x¢gsy
74./;‘3—;—,=—£¢%§7$%Y
75./5‘2}%:—&%—1;:!:@%;@%;%1’
76-/%=—ﬁ5¥§-}1—410g,§

7. _/ :c(‘i;("‘ - 2a1‘:z:2 + 2a14X 26 log. X2
78'/%=—2_a'1%—2¢—61)?$4‘d%;%1°g°§

79.

b
f o+ cx)X a%c? :i: e [Q log. (b + ¢cx) — 5 10ge X += Y]

(f) Integrals containing a® = 2%, with

X =a*+2* (a #0)

. Where &+ or F appears in a formula, the upper sign refers to
X = a® 4 ® and the lower sign to X = a® — 23

dz _ _l_ (a £ 2)? 1 2x Fa
80. [ v==*sn log. — Taz + 2 + i3 arctan v

dr z 2 dz
81. )—2—2_3a3X+?E’/_}—(




82.

83.

84.

85.

86.

87.

88.

89.

91.

92.

93.

94,

95.

96.

—— — —

—— e e e e e — —

/
/

:&z _1_lo a® F az + z?
X 6a 08 (a &£ x)?

zdx x? 1 rdx

&u
%S

WX T30 X

1
X = §10g¢X
z2dz 1
XT T FT3x
dzr _ s [ dz
X =F+rFa
z¥dx T 1 [ dzx
X -~ FTax*3 /| ¥
dr_ 1 g
X = 3¢ 8%
dzx 1 1 z3
zX? = 30% T 3108 %
de __ 11 fzds
22X &z ad X
gz 1l 2 4 [zd
22X2 " afz ' 3a’X ' 34t
e 1 1 (de
2X 222 @) X
dr 1 z 5 [dz

T T gt + 3a°X " 3¢ ) X

(g) Integrals containing a* + z*

dz 1 22+ az V2 + a?

1
=+ = arctan
aV3

2z F

a

aV3

(a % 0)

1

a2t gz B

22— azV2 + a?

axV'2

23 arctan oy m—

x_dx_—_]'_a’r(;a'n,x—2
at F 7t g2 BTCIAD o5
x’dx=_ 1 o x2+ax\/§+a2+ 1
a* + z* 4aV' g‘x’—ax\/é-i-a’ 2aV2



xsdx —_1. 4 4
97. /m— log, (a* + %)

a+z 1 ]
98. / -—31:4_'4113I ‘a—z T ggioretang
zdx a? + 22
99. / —x‘=4a3]°g a? — z?
2
100. 2 dz = a+ —iarctanf
at — z¢ a—z 2a a

2Pdr 1 ¢ s
101'/a‘—x4_ 4log,(a z%)

(h) Integrals containing Vz and a® + bz (a,b = 0)
Vz dz 2V _2a bVz

102. a2 + bir = B bsa tan—a—-

tVzdr 22Vz 2aVz Vz
103. /aﬁ Yo - 3 b + Fa rctan o
104 Vzdz vz 1 bV

— arctan ——
a

(a? + b2x)? = b’(a2 + bz:c)
=Vzdz 2b22Vz -+ 3a2\/— _ 3a bVz

105. (a,2 -+ bzx)z = b4(az + b2x) b5 arctan T
dz 2 bVa
106. / W barctan =
| 4 2__2 Wz
107. o %
07 f (@* + b))z Vz Ve @ arctan —
18 / " Ve 1 arcta.n M:E
. (a2 + b’x)2\/x a2(a2 + b"'x) -
(i) Integrals containing Vz and a* — bz >0 (@, b = 0)
Vzdr _  2Vz a+bVz
109. P—bm . T Tt 2 log, Y

/x\/;dx 2:::\/5 2a2Vz | o a+bVz

WO J e ==~ — T tple s



111.

112.

113.

114.

11

116.

117.

118.

119.

120.

vz 1 a+bVz

(a2 = b’:v)’ = P = %) 200 %% s
[ eVzdz _ —20Vz + 3a:Vz _ 32, at bVz
(@® = bz bHa? — bix) 265 8 vz

/ e _ 1, a+bVe
(a® — b'*’x)\/;: ab a—bVz

/ z - _ 2 +55 a+b\/:;:
(a* — biz)zVz vz @ Vs

dz vz 1 a+bVz

at(a? — b%) ' 2a% a — bVz

/ z _ 2 L 3e
(a? — b))z Vz a(a? ~ bizx)Vz  a*(a* — b%)
3, a+bVz
+ 5('1-5 log, — b\/;:
(j) Other integrals containing Vz  (a> Vz > 0)
Vzdzx - - 1 lOgar:+a\/2ar;+az_l_ 1 arctan aV2z
at + z* 2aV2 z—aV2r+at aV2 a®—z
/ dz __1 logz+a\/§5+a’
(a* 4+ x’)\/:; 203V2 gz —aVz + a?
aVz
+ 0,3—\/—3 arctan m
Vide _ llo a+Vz 1o et __\/_5
@t — 22 2a ge 7 — \/x - arctan —
dx _ 1 a+ Vz vz
| e aon G e

(k) Integrals containing Vaz + b, with

X=azx+Dd Y=fx+4+g A=bf —ag (a % 0)




121.

122,

123.

124.

125

126

127,

128.
129.
130.
131./‘” . 2 S —

VX (n — Dbzt 2n — 2)b ) VX

132.'/ VXidr = AR
133.

134.

/ VXidz = 2 VX
3a
[ oVE 4y < 2Baz — 2b) VX3
1507
/ VT dp < 2015a%7 — 12abz + 8b7) VX3
10543
fﬂ_ _2vX
vxX a
zdr _2(ax —2b) 7
VRS e VX
a?dr _ 2(3a%? — 4abz + 8HHVX
“J VX 1503
2
— -£_ tanh!
/ i Vi an
VX 2 . [X
—===== QI'ctan T
v —b —b
vX — / dz
—ZLdz=2VX+b "
/ z + VX
/ de _ VX _a [ dz_
VX br 2b) VX
z z 2P vX

(2n — 3)a dr

Sa

>3 2
X3 dr =
[ VX do 35a?

(6VX" — TbVX¥)

fxzmdx=%(

9

7

vXe  2pVXT W}F)

®>0

(n 1)



135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

/\/?dx—ﬂ+2bx/x+b2/xff)_(
i 2 e )
[P Y
R it = Sk
f X2n/2dy = 2@(2;1;2; (n # F2)
Xz pX@n)/2

[ wxoras = 4 (
a2
—/x2X:hn/2 dr = %(

/
/
/

/

44+n
X (6xn)/2

240

) (n # F2,F4)

6+n

2bXUEn)2  p2X @ :l:n)/z)

4 3+

n 2+n
(n # F2, F4, F6)

(n=0)

1 dz
+ T) [ xX(n—2)/2 (n # 2; b #= 0)

» n (n—-2)/2
X/2d:c=2X/2+b/X i
dr 2
X2 T (n — 2)bX®-2/2
dr 1
Z2XP2 T brX w22
2 X
— = ArCHAN 4 | —
dr vV — of aY
VXY
‘_2"' tanh— fX = —
Vaf Vaf
z dx =VXY_ag+bf/ dr
VXY af 2af vXY

na dx
_EZ_/DE"/—? (b#0)

(af < 0)
log. (Va¥ + ViX) + C

(of > 0)



dx 2VX

. | 7xvy = Tavy
2 VX
o [ dx__ _ w\/ Y arctan —=—=——— T it (fA < 0)
") Yvx 1 f\/X/- V7A

VA S Xt v 220

A+ 2aY A? dx
150.[\/ Yde = 4f vV X 8af \/XY

. __\/ _A dx
151 /\/de XY X7

\/de 2\/X A dz
fJl vvx

n — n~1
153, [ Yoz _ 2 (\/XY" — A / Y _dx)

152. (f=0)

VX @n+ Da . VX
dz 1
B | Jxp» = "tm=Da YH / \/XY"—
A#0,n=1)
Ty _ 1 TV Yrdx
- 155. [\/XY dx = m(zx/xy +1 +A/—\—/—?) (f=0)

VX dz 1
o, (VB L (¥t [ ) o

() Integrals containing Va* — 2%, with
8 8 )

1 X=a—2° {a > 0)

157. / VX dx = (x\/f + a? aresin g)

DO bt

158. / VX dy = —%\/5(?



159.

160.

161.

'162.

163.

164.

165.

166.

167.

168.

169.

170.

171.

172.

173.

/aﬂ\/fdx = -—z \/}F+%—2(x\/§+a2arcsing)

X5 X3
x"\/de——\Qg—a?\/X

5 3
\/Xd:c- vX - alog,(—l—i_—a—}/——k_
vX X . T

5 dr = ———— — aresin -

z z a
vXxX vx 1 a+\/f
= = Tty lee——

/ gz = aresin z
vX a

xdx_ _
vXxX
z’dx___ _
vX 2
o dz _ \/5(—5_
vX 3

/ de__ _1,
VX a

VX

dr vXxX _ 1
VX o 2a® 28

fx\/—.f;dz = —é\/ﬁ

faﬁ\/?ﬁdx = —

1 log

— 2
:EX/X+22—arcsin§

¢

a+\/)_(-
z

alzvV'X

:c\/_

a2zV'X?
5z T

16

— 4
(xVX’ + —= 3a z VX + ?21 aresin Z)

-+ TE arcsin E



X _an /X5

174. / VX3 dr =

7 5
175. l/i dz = l/if- + aVX — adlog, +x‘/X
176. / \/‘fa dz = —Yﬁ — 32vX — 34 arcsin 2
x z 2 2 a
vXi vXs 3VX . 3a a+ VX
177. "‘53— dzr = ——2?— ot T "h‘\g log,-——;—-——-—
dz x |
178.
vXs  eVX
xdr 1
179. | T2 -
vXx: VX
x? dx T I
180. —-\/? = \/—X — aresin p
2? dr = a?
181. =VX+ —
\P.C + vX
dz _ 1 1. a+VX
o [ O g s K
dx 1 \/X z \
18. | avzs = Ta_‘( = T \/X)
dz 1 3 e+ VX vx
184. /———— = — e - ——l
VX3 2a222V' X + 2a0vVx 208z
(m) Integrals containing Vv z? + a?, with
X =z + a? (a>0)
185, f\/fd (:c\/X -+ a? sinh—! )

DO = N’I'—‘

[zVX + a*log, (z + VX)] + C,



186. f VX do = %\/55

187.

188.

189.

190.

191.

192.

193.

194.

195.

196.

197.

‘/‘xz\/j(-

VT - L (VR + at s )
di 4\/X 8<x X 4 a?sinh 2

~IVE — L[V + 0o (o + VD) + Oy

_ 5 24/ X3
/xsx/de=\/5x5-a\;X

ﬂdx=vy(—alogeg—i—\i’£

p z

A2 PRI SR

z z a

= —!5&+10g; (I+\/X-)+Cl

vx v 1., a+VX

[ = - e

3 dr

vX

= sinh—1 £ = log, (z + VX) + G,

x

VX — ~2— smh‘

Nl

%’\/X____log‘(x-{—-\/X)"l"Cl

VX _ VX

= — g



198

dx __\/)_(..;__1_.1 a+\/—X.
") VX T 20T 20808 T g
199. /VX"dx=al-(xVX"+§—§£\/}+%ismh‘ a) '

i I:x\/—" + == 3a VX + log, (x + \/X)] + C

200. fx\/Xs dr = %\/X?

o VXs  aVX: aaVX
) 3 g, _ T _ax _a'z _at Lz
201. /x X3dx 6 o7 16 165mh la
_ =V X _azVX? _ atzVX
T8 24 16

6
~ Jgloe. (z + VX) + ¢4
200, [ avEiag - VX _ VX

5
— VT B
203. VX dz = - ;(3 + a?VX — g log. 2 +x\/)_(
204 X = VX +3vX + 3ae ginn-1®
) x? z 2 2 a
\/ 3
= X+ f+§aloge(x VX)) + ¢
v —
205. /———-?:dx = \/)f 3\/X —_ —-a log. (a + ‘/X)
2z 2 T

= T
206 \/F - a2\/)—(
xzdx 1

207. - VX “\7?

z? dx

T T
208. \/—F— —TX+5lnh la

x —
= ~\/—5{-+Iog,(x+ vVX)+ ¢



z3d a?
=VvX
209. f \,5(—3 X+ VX
de. 1 lo a+ vXxX
210. VX3 = az\/— PE Le "“_'—“x
de 1 (\/X + x
211. 2V X =T \/
g _ __ 1 __ 3 . 3p a+ VX
22. | VX 2eVX 20X 208 T &
(n) Integrals containing Vz? — a?, with
X =zx—a (e>0)
213. / VXdr = % (x\/f — a? cosh— )
- %[x\/)—( — atlog. (z + VX)] + Cy
214. fx\/—X dx = %V X3
215. /x’\ff dr = z VX + %2 (x\/f — a? cosh™? g)
= 2\/5(_5+ %2 [:c\/i: — a?log. (z + \/Y)] + C,
v
216. fxax/)—(dx = 5X§ +% 3X3
e .
217. f—x—de = VX — aarccosg
vE
218. / xf( dz \/_ — + cosh—

fl

o
X toe e+ VD + G




vE
219. /—gdx— \/X+ arccosx

212

220. f ;‘% = cosh* % = log, (= + VX) + €,

zdzx
221. 7—-§=
ﬁ‘?_f\/— a -1 Z
222, Vx "2 +3 cosh s
2 —
=SV +Slog(a+ VX) + G
dr VX3 X
223. Vx - 3 + a*vX

224,

dz vX
225. /xz\/i = aTx

dz VX
226. VX - Zar + Dgi BICCOS
227, | VXidx =é (:::\/X8 — 3‘;% vX + %‘_ cosh™! a)

i[zr 3”\/X+ logu(x+\/_)]+01

228, /x /Xy = VX

3 4
229. / VT gy = X 02VX aaVX | e cosh-1 2

24 16 16
_zVvX® + &2V XE asVX
6 24 16

+‘;—;10ge @+ VX) + G



230.

231.

232.

233.

234.

235.

236.

237.

238.

239.

240.

— 1 24/ Y5
/x"\/,Xadx\/X +9_l/£.
7 5
/\/Xsd ———é —az\/)—(—i—a“arccos%
\/)2(3 dzr = —————+ x\/X —a cosh—1 £
T a
= \/Xa—}- x\/X—galloge (x+\/_7_()+01
o dr = ot 5 50 arccos
dx T
VX3 aV'X
zdr 1
VX3 vXxX
= —-v,ii+log,(x+\/5f—)+(71
2 dx X — ot
Ve VI
dz 1 1 a
VB eV @
/_dw_ __ (‘/X+_ec_
aVX: at\ \/X)

/ dr_ _ 1 - 3 . alccosg
BVXE 202VX 2a4\/X 2 2a° T

(o) Integrals containing Vaz? + bz + ¢, with

X=art+bx+c

4a ((7, # 0)

= — b2 =
A=4ac—b k rr—




241.

242,

243.

(V8]

244.

245.

246.

247.

248.

249.

250.

251.

(1 tog, @VaX + 20z +b)+C  (a>0)

[ xvxa
o

/’ xentiyz gy — (202 HDXEEVZ | 20 + 1 / X@n-1/2 dp

72
1 120z + b b
—=sinh™! + G (@a>0,4>0)
g _ Ve VA
vX — log, (2ax + b) (a>0,A=0)
a
1 . 2ax+b
- A
{ \/_aarcsm\/_A (e <0,A<0)
dr _ 2(2ax 4 b)
xvX  AvX (a0
dz 2(2ax + b) ( 2k) A
VI~ savx \X T (a0
dz _ 2(2azx + b) 2k(n —1)
X @n+1)/2 - (2n — 1)AX(2n—1)/2 m—1 X(2n-1)/2
(A = 0)
(2az 4+ )VX dx
/ VX dx = i + \/X
(2a:c + b)\/ X 3 ) 3 [ dz
(X tax) tae ) Vx

_ @az+b)VX ( 15) 5 [ dx
1%a X+ 5+ ap) VX

4a(n + 1) 2k(n + 1)
vir_VE_b [ ds
VX e 2] VX
zdr _ 2(b?c +2¢)
XV~ avx %0
zdr 1 b dz

X@ID2 = T (2 — 1)aX@-D2 "~ 2q | X@ntN/2



2 —
22, | S (% - f;’,) VX + ¥t /

22dr _ (2b° — 4ac)z + 2bc /
253.
%8 | 3vx = AV + = (4 = 0)
= . _ XVX  bQaz + b) b [ dz
254./:1:\/de- 3 T B \/}-m e

— /Y _
255. /xX\/X iz = XVX _ —b—/X\/X dz
da 2a

_ X @n+3)/2 b
2n+1)/2 = — . 2n+-1)/2
256. / X dz @n+3)a  2a / X dx
= 5b X\/X — 4ac
257, / VX dz = ( ﬁa) D / VX iz
(
—L 1og. <2‘/°X+ + b) +C (>0
Ve
— Ll ®EE L0 >0a>0)

dz J Ve zVA

258. VX =
z 1 br 4- 2¢ _
—\/Elog, p c>0,A=0)
& 1_ arcsin :’i/+_2c (c<0,A<0)

dr vXxX b f dx

259, | ——o= =~ 2
fx’\/X cr x\/X
VX dr
260. / = VX / /
T3 :c\/X

\/de___ / + / dz
261. +a %

X (2n+1)/2 X@ntl/2  p X@n—1)/2
- 9 @n—1)/2 47 7"
262./ p dx on T 1 +2/X dx+c/ p dz




(p) Other irrational forms (a>0,b#0)

dz 2
263. ——— = = Vazz + b
63 / zVaz? + bz bx ozt + be

264 / —-——dL— = aresin ~—
“J V2ax — 2

265. T/Esf—x-——;; = —\/2aa:——x2+aarcsinx~
266. /\/2am-—-x2d:c=x—;—a\/2ax——x2+—‘;—2arcsinx_
dzx 1 zVag — bf
2 M = - tr MRy e S
o7 ./*(ax?+b)\/f:v2+g \/b\/.ag—bfarc a'n\/b\/fav:2+g
(ag — bf > 0)
1 \/b\/f:c2+g+x\/bf ag
= - log <o
ooV =g ViV T g — oV —ag Y <O

268. /\n/;zx—i—bdx == w\%m:—l—b

(n+ 1a
oo V_a%%:i o = ’?ffﬁi) \"/awc1 b
270, / x_\/_xif._%__a; - nﬁlogeﬁ_\\//i:j_fzz
271. /ﬁ—ﬁ =2 arccos—\-/-—x—

vz dx 2 . \/ z\?¢
272. _ﬁ = g arcsimn (a)

(9) Recursion formulas (m, n, p are integers)
273. / zm(az” + b)r dx

1

= m [x"‘“(ax" + b)? + npd / z™(az™ + b)r1 da:]



~ balp + 1)L

1

= m+ )b

=a(m+np+1)

274.

275.

[ ]
3
(=2

277.

278.

279.

280.

281.

282,

283.

1

_x‘m+l(ax‘n + b)P+l

:z:""’"(ax" + b)p+l

I:xm—-n-i-l(axn + b) p+1

+mEdntap+1) [ z™(az™ + b)rtldz

—am+n+np+1) [:t’"ﬂ(a:c" + b)r de

—(m—-n+ l)b/ zm(az™ + b)* dzx.

(r) Integrals containing the sine function (a # 0)

x

. 1
sin ax dx = _— cos ax
- 1 1 .
sin? ax dz = =¥ — — sin 2ax
2 4a
. g 1 1 s
. sin® ax dr = —= cos ax + — cosd ax
a 3a
sintaz dx = §x -1 sin 2ax + L sin 4ax
8 4a 32a
. sin*lagzrcosar , n— 1 N
sinraxdr = — + sin"2azxdz (n > 0)
na n
. sinar 2z cosaxr
zsinaxr dr = T
a a
2 o 2z . 2
z*sinardr = — sinaxr — (= — = ) cos az
a a a
s o 3z 6\ . z? 6z
z¥sinardr = (— — —, ) sinaz — ~ — =} cos ax
a a a a
. " n L
x7 sin ax dx = — cosax + 2 z71 cos ax dx
sin azx az)d ax)® azx)’?
f__dx:m (a2)* | (@2)* _ (a2 . |

T3.31 V5.5 7-71



284.

285.

286.

287.
288.
289.

290.

291.

292,

293,
294,
295.

296.

/
/

/5

/
/
/
/

/
/

/
/
/
/

sm:zx d = Sinazr + a/cos ax dx
sin az 1 sinax a cos ax
de— Th =1 vt +n— 1/ zn—1 dx

dx = / cosec az dxr = llog, tan %5
sin az a 2

= ilog, (cosec ax — cot ax)

dz 1
~—— = —-=cotar
sin? ax a

dx cos azx 1 ax
sinfax  2asin® az + 2a log. tan 2

dz 1 coSs azx n—2 dx
sin®ax —a(n — 1) sin* 1 qx + n—1 /sin"‘2 az (n > 1)
xzdx z+ (ax)? 7(ax)s + 31(ax)”
sinar 3- 3‘ 3:5-5!"3.7.71

127((1:1:)9 ]
+ 3.5, +

zdx x
slaz = "o cot ar + Ioge sin ax

zdx _  cos ax _ 1
sin"az ~ (0 — Dasin*Taz  (n — 1)(n — 2)a? sin*2 az

dx

+n—2/'xd:c (n>2)

n—1J sin"?ax

—dx 1, (z_aﬁ
1+sinaz o ™\27 3

dx

1 az
1 —sinax .ata <4+ 2)

_2dzr __zea (T2 cog(z_ﬂ)
1+ snaz o 2\37 73 PRt Sl Vi

x dx T
1l —sinaz a

I
o
(=]
o
N
N
|
IQ
]

2 . (v ax
i z)+zzl°g=S‘“(z,“5)



1+tsinax

dz 1 " x 1 az
298. /sin az (1 +sinaz) a tan (Z 3 ) + a log, tan 2

az
2
dz = —Lian(T-9®\_ L, (7 _oz
sinar)? 2a a
299, /(1+ e 5 tan(4 2) 6 tan (4 2)
=5 T_ar 1 T _ax
300. _/(1 -sma:c)z_ COt( 2)-*—60.00t (4 2)
sin ax dx 1 T _az 1. (7 _az
301, /(1+smax)2‘ 2ata“(4 2)+6atan (4 2)
simardr 1 (7 _az\ 1 . (r az
302. /(1 —sinaz)t  2a cot (4 2)-*_6acot (4 2)
303 / dz - aresin (§_si_______n2 ar — 1)
"J 14sin2ar  2v/9, sin? az + 1

304. / d.:z = dz = ltan az
1 —sin?az costar a

sin (@ — b)z  sin (a + b)z

sin ax dz 1 T __azr
297. /——.——— ix+atan(z=F—é-

305. / sin az sin bz dxr =

2@-%  20@+bd)
(lal #= [b]; for |a| = [b] see 275)
dx _ 2 b tan (az/2) + ¢ R .
306. / b+ csinazr gV - 2 arctan Vo — ot (0* > ¢?)

1 o b tan (az/2) + ¢ — V¢? — b2
aVier — b2 btan (ax/2) + ¢ + Ve — b2

(b < ¢?)
sin az dz z b dz
307. fb+csmax ?:-__/b+csinax

dz az ¢ dz
308. / sin az (b + csinaz) log, tan 5 2 b _/ b+ csinazx

€ COS ax

/ ®F csin ax)?  a(b? — cA)(b + c sin az)

b dz
+b’——c’/b+csinax

309.




sin ax dz b cos azx

310 | BT csiman) ~ a(@ — )@ + con az)
c dx
tao b”/b+csinaz
dz _ 1 Vb? + ¢? tan az
311. / Frosna - Ve o arctan b (b>0)
dz 1 Vb? — ¢ tan az
312, /b’ s az - v o arctan 5
: ®2> ¢, b>0)
1 o Vet —bitanaxr + b
2ab\/c2 — b2 08 Ve — b*tanaz — b
(c2 > b2, b > 0)
(s) Integrals containing the cosine function (a #0)

313. /cos axdzr = isin az
‘314. /cosz ar dzx = 1:c + L sin 2az
2 4a
315 3 _ 1 . 1 <3
. cos® ax dxz = —sin ar — = sin3 ax
a 3a

316. / cost ax dx = §x + sm 2ax + s1n dazx

"singx n .
x"cosaxdx=——————/a;"‘ls1nazdx (n>0)

8
n—1 1 —
317. / cos® ax dp = 25~ TSI az + n—1 / cos* 2 qz dz
na n
318. /x cos axr dz = cos2a:v + zsinar
a a
. 2
319. /x" cos ax dzr = gi: cos axr + (i - %) sin ax
a a a
&
2 3
320. / z% cos ax dr = (?_"'_;_ - 24) cos ar + (£ - 6—::) sin ax
: a a a a

321.
a a



cosaz , (az)* (ax) (az)®
322. / dr = log. (ax) — 2. 921 4 417 6 - 6! +--

323. /COS axr de = _coiax _ a/ sin azx dz

x? z
cos ax cos ar a sin az dz
324. / ——dz = =Dz = 1[ o (n 1)

é log. (sec ax + tan ax)

]

dx ax
325. f cosaz = log, tan ( 5 + Z)

326. / dz = %tan dx

cos? ar
" dx sin az azx
327. _/ cos*az  2a cos? ax * 2% 2a log. tan (4 + 2 )
dz 1 sin ax n—2 dx
328. fcos" ar a(n —~ 1) cos*lax + n—1 _/ cos™ 2 ax (n > 1)
zdr _ (a:l:)2 (ax)t |, 5(az)® , 61(azx)®
329. /cosax a2 2 t1.21T%.41 " 8.6l
1,385(ax)10
t 0.8 T ]
zdz 1
330. f o ar "~ o tan azx + ; log. cos ax
331 / zdz z sin az 1
cos*az (n —Dacoslazx (n — 1)(n — 2)a?cos"?az

+n—2/ zdzx > 2)

n—1J cos2azx
dz 1 ax
332. /1 Foosaz a7
333, /—L = Llet®
1 — cosazx a 2
zdx z ax 2 axr
334. /m = Etan—z— + ?log,cosi-

zdz z ar |, 2 . azx
335. /m— —acot—2' +Eilog,sm—2~



336. / Los ax ax dz z— é tan Kt

I+ cosaz 2
. cosardr 1 ax
337. [Tm— xz acotz
dz =1 TRy _ 1,08
338, /cosax (1 + cos ax) = g log. tan <4+ 2) qtan g

] dz _ 1 T, ar 1
339. /cos ar (1 — cosax) al°g° tan (4 + 2) a3

340. /ﬁ%f—s—a‘%—)—z= 1 tanﬂ+—l—tan33§

2¢ "2 T gg A 5

dr 1 ar 1 . az
341. / (1 — cosar)?~ 2q COt? 6a o0t 2
p cosarxdr 1 az 1 3 4T
M2 ) T oosanp ~ 2t ~ g tan'
. cosardr 1 azx 1 , O
43 /m;)‘ T2 Ty

344 / dz =1 aresin (1 — 3 cos? az
"J 14costaz  2v/2 1 + cos? az
345. / dz = / .dx S cot ax
_ 1 — cos?azx sin? oz a
sin (@ — bz 4 Sin(a+ bz
2(a —b) 2(a + b)
(la| = [b]; for |a| = |b], see 314)

346. / €0s azx cos br dr =

) dz _ 2 i (b — ¢) tan (az/2)
347. / bFcoosaz ~ g — = arctan Vi B2 > ¢?)
1 ] (c — b) tan (az/2) + Vic? — b2
= og.
avVe — b2 (¢ — b) tan (az/2) — Vi* — b2
(¥ <¢?)

348/ cos ax dx ::a_v_é/ dz
’ b+ccosaz ¢ ¢ b+ ccosaz



349.

350.

351

352.

353.

354.

355.

356.

357.

358.

/
J

: (d + ccos ax)? =

J
J

dx _ 1
cosaz (b 4 ccosax) ab

log. tan (— -+

ax
2

dz ¢ sin ax

1_r>_.£/_d_x_
4 bJ b+ ccosazx

(b + ¢ cos ax)? = a(c? — b2)(b + ¢ cos ax)

b / dx
c¢2—b?J b+ ccosazx

cos ax dx b sin ax

dx 1

a(b? — ¢®) (b + ccos ax)

_ c dx
b2 —¢2J b+ ccosax

b + c?costar  gbVh? + ¢?

dz

b2 — c*cos?azr  ghVh? — ¢?

1

arcta Vit o b>0)
arctan b tan az (b2 > ¢%, b > 0)
V2 —¢ ’

btan axr — V¢ — b?

= log.
2abVe? — b? 8 b tan ax + V¢t — bt

(2> b%b>0)

(t) Integrals containing both sine and cosine (a #0)

—_— — — — —

. 1 ..,
sin az cos ar dr = 5g sin? ax

sin? ax cos? ar dx = T_ sin 40z
8 32a
. | S
sin™ az ¢os ax dr = ————< sIn*7t ax
a(n + 1)
sin az cos® ax dr = ———1———
a{n + 1)

sin® azx cos™ ax dx

sin*~! gz cos™*! ax

n—1

a(n + m)

n+m

(n# —1)

cos*t! azx (n = —-1)

sin"—? ax cos™ ax dr

(m, n > 0)



359.

360.

361,

362.

363.

364.

365.

366.

367.

368.

369.

= . T
a{m — 1) sin"?!ar cos™ ! az

sin"t! gz cos™ ! qar

m—1

a(n

dzx
sin azx cos az

dr
sin? ax cos azx

dzx

sin ax ¢os? ax
dx

sin® ar cos az

dz
sin ar cos? ax

dz

sin? ar cos? ax
dr

sin? az cos® ax
dzx

sin® az cos? ax
dz

[ sin® ax cos™ 2 az dz

+ m) J
(m,n > 0)

n+m

1
=3 log. tan ax

1
sin az

ax

2
)

cos ar

[loge tan (;—r +

az
2

(loge tan = +
1 )

2 sin? ax
1 )

2 cos? ax

1
a
1
a
1 (10 tan ax —
a \'08 ¢

1

= (loge tan ax 4

= —g cot 2azx
a

1

a
1

a

sin ax 1
2cos?ar  sinax

1 __ _cosax + az
cosar 2sin?azx 2
dx

3
ta

3
2

log. tan (:—; -+

9]

log. tan

dx

sin az cos® ax

1 n /
a(n — 1) cos™! qx sin. ax cos™? az
(n £ 1); (see 361, 363)
dx

sin® ax cos azx

dzx

1

S —
a(n — 1) sin™! az sin"~2 az cos az
(n = 1); (see 360, 362)

sin® ax cos™ ax

1 n+m—2 dx

a(n — 1) sin" ! az cos™ ! gz

/

+

Sin"~2 ar cos™ az
(m>0,n>1)

n—1

-

1

1 n+m—2 dx

+

/

sin” ax cos™ 2 azx
(n>0,m>1)

m—1



370.

371

372.

373.

374.

376.

377.

378.

379.

380.

\'\'\'\‘\'\‘

/

[
[
J
/

sinarde 1
cos? ax a cos ar
sin azx dr _ 1 1
tan® ax + C
cos’azr  2a cos? az  2a TG
sinardz _ 1
cos™ ax a(n — 1) cos™ ! ax
sin? azx dz 1 ar
————— = —=sinax —-lo tan
€oS azx a + ge 4 it3 2
sinaerdr 1[ sinax Io tan + azx
cos® ax alZcosar g 479
sin®azx dr _ sin ax 1 dz
cos™ ax a(n —1)cos"lax n—1J cos™2ax
(n 1) (see 325, 326, 328)
sinfardr 1 /sin?ax + log, cos az
€os az a 2 g
sinfardr 1
——— =-\cosazr +
cos? ar a cos ax
sin® ar dz 1 1 1
cos™ ax al(n —1)cos™lax (n — 3)cos* 3 az
(ns£1,ns3)
sin® az . sin*! gz sin"2 ar dx
= + n=1
cos ax a(n — 1) cos ax
sin® 9% 4 o sin*t! ax n—m-+2 sin® ax
cos™ ax dz a(m — 1) cos™ lazx m—1 cos™ 2% ax
(m 1)
sin"~! ar n — 1 [ sin"?ardz
a(n —m)cos™lar ' n—m cos™ ax
(m % n)
_ sin*~! az n—1 [ sinmlaxrdz
a(m — 1)cos™lar m—1 cos™ 2 ax

(m = 1)



381.

382.

383.

384.

385.

386.

387.

© 388.

389.

390.

391.

[
/
/

(o
Ik
/
s

E
/
J&E
|

cos ax dx _ 1
sin? azx asin ax
cosazdx _ 1
sind azx 2a sin? ax
cos az dx 1
= — — (n=1)
sin® az a(n — 1) sin*1 gz
cos? az dr _1 cos az + log, tan 2%
sin az a ge 2
cos? ax dx _ 1 fcos ax log, tan %%
“sindaz 2a \sin? az ge 2
cos? ax dx _ 1 cos ax + dz
sin® ax n — 1 \asin*1!qzg sin"2 gz
(n £ 1); (see 289)
cos® ax dx _ 1 fcos?azx + log, sin az
sin ax a 2 g
cos® ar dz 1/. 1
o = —={sinar 4+ =
sin? gz a sin az
cos®ardr 1 1
sin® ax al(n—3)sin~%az ~ (n — 1) sin*! qz
(n1,n 5 3)
cos™ a:c cos" 1 aqg cos™ 2 aqx dx
= —_— (n==1)
sin ax a(n — 1) sin ax
cos"axr dx _ cos™t! gz n—m++2 [ cos*axdx
sin™ ax a(m — 1) sin"1 gz m—1 sin™~2 gz
(m 5= 1)
_ cos*~! gz n —1 { cos"?azdx
a(n—m)sin*Tgzx ' 5 —m sin™ ax
(m = n)
_ cos™! ax n—1 [ cos"?arde
aim — 1) sinm gz — m —1 sin™? gz

(m 1)



392. f sin ax (ld::k; cos az) 2a(1 :,:lcos ax) log, tan azx

393. f cos ax (ld::i: sin az) Faall il sin ax) log¢ tan ( 5 )
. [ e = Hon

s, [ ot o ~Log LESEE

396 ,/ cos a:sir(lla::d;n ax) = 2a(1 d:l sin ax) 10ge tan ( 5 )
T / sin a;:(zsl‘ﬁ i:f)s_ az)  2a(l :Izlcos ax) * 54 . log, tan 6'12‘3’B

308. /__S_“H‘i‘?x__ _

T
Tx :
sin ar + cos ax 2 F 5,108 (sin az = cos ax)

cos azx dx
399. / ez L cosar i + log, (sin ax = cos ax)

dx 1 ax T
400. / SaE L cosar - av/a log, tan (5 + §>

dx
401. / 1 ¥ cosaz £ sinaz @ log, <1 = tan _)
dx _ 1 ar + 0
402. / bsinazr 4+ ccosax  qVbh® + ¢? log. tan =
. c ¢
sin f = m tan = E
sin az dz 1
403. f T ccosaz —a—clog, (b + ¢ cos ax)
cos ax dz 1 .
404. f bt osmaz — loge (b + csin ax)
an2
405. ML = b+ + ¢ arctan <\/ — tan ax) z
b -+ ccos?ax ac ¢



406.

407.

408.

409.

410.

411.

412.

413.

>

14.

sin azx cos ax dr 1
b cos? ax + csin? ax 2a(c —

3 log. (b cos? ax + ¢ sin? ax)

(c #b)

1 arctan <E

/ b? cos? ax + c’sin’az  abc b

tan ax)

1 o ctanar + b
b? cos? ax — c2 sinfaz  Zabe °% ctanaz — b

cos (@ +b)x  cos(a — bz
2(a + b) 2(a — b)

(a® # b?; for a = b see 354)

/sin axrcos brdr = —

/ dx
b + ccos ar + d sin az

-1 . ¢t 4+ d* + b(c cos ax + d sin ax)
aresin -
aVht — ¢ — g2 \/c2+d2(b+ccosaa:+dsmax)

B> 4 d2 ozl < o)

1
aViet + d? — b2
c? + d? + b(ccos ax + dsin az)
+ V2 4+ d? — b%(csin az — d cos ax)
Vet + d(b + ¢ cos az + d sin ax)
® <ct+4 a2 lar] < 7)

log.

B [b — (¢ + d) cosaz + (¢ — d) sin ax] ® = e + d)

b+ (¢ —d)cosar + (¢ + d) sin ax

(u) Integrals containing tangent and cotangent functions
(a #0)

/ tanardxr = — élog, €os az
1, »
tan? ax dx = a tanaxr —

1 1
8 2 -
tand ar dx = 5 tan? ax + po log. cos ax

'\'\'\

n 1 » n—1 —_ n—2
tan” ar dz = an =1 tan"! ax /tan ar dx n>1)



415 dz _ cot ax dx
) b+ctanar  J beotax+ ¢

1 c : .
B [b"’ + a log. (b cos az + ¢sin ax)]

416 / dz = 1 aresin (.\ fb — Csin ax)
) Vb + ctantax aVbh — ¢ b

®>00b2>cY)

tan® ax tan™t! ax

417. / costaz 2% = an ¥ D) (n = —1)

418. / cot axr dx = }1 log. sin ax

419. /cot2axdx = /__ﬁi:?_ = - -I—cota:c -~z
tan? ax a
1 1 .

420. | cotPaxdxr = — 5 cot?ax — = log, sin ax
2a a

421. cot” ardx = —d',f——- = — L cot* 1l ax
tan”™ ax a(n ~ 1)

- /cot"‘2 az dx (n>1)

dz tan axr dz
422. /b + ccotar /btanax +¢

1 ¢ .
= e [bx ~ 4 log, (¢ cos ax + bsin ax)]
cot” ax —cot**! ax
423. _/ sintaz % T a(n + 1) (> 1)

(v) Integrals containing hyperbolic functions (a # 0)

424, [ sinh x dxz = cosh z

425. / sinh?z dz = sinh 2z -

z
4 2

dz T
/ sinhz log, tanh (5)

426.

(=3




427

428.
429.
430.

431.

432.
433.

434.
435.
436.
437.
438.
439.

440.

dz
. /m = —cothx

/ cosh x dxz = sinh 2
. _ sinh 2z z
/ cosh? x dx 3 + 5

/ L 2 arctan ¢ = arctan (sinh z)

cosh z

dz
/m—tanhx
/sinhxd o1

coshiz ¥ = T coshz

cosh x do = — 1
sinh2zx =~ ~  sinhz

fxsinhxdx = gz coshx — sinhz

[xcoshxdx = zsinhxz — coshz

[ tanh z dx = log, cosh z
f tanh?xdx = z — tanh z

/ coth z dz = log, sinh z

sinh*2? az dz (n>0)

/ coth?xdxr = 2 — cothzx
/ sinh* ax dx
»
1 sinh* ! ax cosh ax — n—1
an n
= 1 n+ 2
nt+1 —_ =
a(n Y sinh oz cosh ax A1

/ sinh**2 ax dx
n<-—1)



441.

442

443

444

445

446

447

448.

449.

'450.

451.

452.

453

J
J
J
J
J
J

.

(w) Integrals containing exponential functions

f e dr = L g
a

fxe”'dx = %a; (az — 1)

2
/x’e"‘dx: e (% _E

1 .
— sinh ax cosh* 1 ax +
an

sinh az sinh bx dz =

cosh az cosh bx dx =

sinh azx cosh bx dz =

_
aln + 1)

f cosh® ax dz

n —

sinh (@ + b)z _ sinh (@ — b)x

2(a + b) 2(a — b)
sinh (a + b)z 4 sinh (@ — b)x
2(a +b) 2(a — b)
cosh (a + b)x + cosh (a — b)zx|
2(a + b) 2(a — b)

! / cosh®? ax dx (n>0)

3 n+1 1_‘1,__—1_—__2 ‘ n+2
sinh azx cosh**! ax + praug | cosh™*? ax dx

(n< —1)

(a® # b?)

. . 1 . .
sinh az sin gz dx = 5 (cosh azx sin ax — sinh ax cos ax)

1., .
cosh az cos ax dxr = o (sinh ax cos ax + cosh az sin ax)

. 1 . .
sinh ax cos ax dx = % (cosh ax cos az + sinh az sin ax)

euz
—dz =

a?

2
al

] z"es” dx = };xneaz — % f xn—-leaz dx

loge + 7o T

(n>0)
(az)?* | (ax)®
5 o1 T3 gt "

. 1,. .
f cosh ax sin az dx = % (sinh az sin az — cosh ax cos ax)



454.

455.

456.

457.

459.

460.

461.

462.

463.

464.

465.

J
/
J

|

— — — S S —

eaz 1 ea; e
x_"dx—n—-l( x”1+a_/x"—‘ ) (n>1)
dx __1_10 e
T+e= a BTFe=

dx z
b+ce“’—5—a_10g‘(b+ce)

e’z dx — _1_ loge (b +ceaz)

b+ cer ac

dz 1 e [P
b ke v arctan (e \/; > (bc > 0)

1

lo ¢+ e*V — b

24V —be

xes* dx €%

. oS be <0
be g ¢ — eV —be (be )

I Fax)? &+

e log, x dx = —e“log,x - —/——dx

. es®
e*sinbrdr = 1+
a® +

€% cos bx dzx

ze** sin bx dx =

2+b

eaz 2
GRS L

ze%* cos bx dx =

2+b2

—"b_((—l%_-bi)—z [(a?

€%* sin bz sin cx dz =

ar)

eﬂz

b? (a sin bx — b cos bx)

=4 —e_:_—:—bz (a cos bx + b sin bx)

5 (@ sin bz — b cos bx)
— b?) sin bx — 2 ab cos bzx]
(a cos bz + b sin bx)

— b?) cos bz + 2 ab sin bx]

es*[(b — ¢) sin (b — ¢)x -+ a cos (b — c)x]
2[a*+ (b — ¢)?)

_e=[(b + ¢) sin (b + ¢)z + a cos (b -+ ¢)r]

2[a + (b + 0)7]



466. f e** cos bx cos cx dx = e =) s';n[g ; ((:I))x_+c)a2]c os (b = o]
e‘”[(b + ¢) sin (b + ¢)x + a cos (b 4 ¢)x]

2[a? + (b + ¢)?]
467, f o sin b cos oz d = 1250 & _2[65_: ((:: cc))z]c o2 (b = 0)z)
+ ew=[a sin (b + c)x — (b + ¢) cos (b + ¢)z]

2[a® + (b + ¢)?]

468. / e* sin bz sin (bx + ¢) dz

__ecosc _ e[acos (2br + ¢) + 2bsin (2bz 4 ¢)]
= T2 2(a® + 4b?)

469. | e cos bx cos (bx + ¢) dx

__ € cosc + e*s[a cos (2bz + ¢) + 2b sin (2bz + ¢)]
2a 2(a? + 4b?)

470. | e®*sin bx cos (bx 4 ¢) dx

_e=sing + e*[a sin (2bx + ¢) — 2b cos (2bx + ¢)]
%a 5(a® + 4b%)

e sin ¢ + e**[a sin (2bx + ¢) — 2b cos (2bx + ¢)]

471. / ¢ cos bz sin (bx + ¢) dx

2a 2(a? + 4b?%)
s i m e** sin*~! bz (a sin bx — nb cos bx)
472, e sin® br dx = prprE:
— 2
+ %(Tn:!_—nlz)l% [ e** sin*~2 bx dzx

ar cn e** cos™! bx (a cos bx + nb sin bx)
473. / e cos” bz dz = @&+ 1%

n(n — 1)b?

i S A ax n—2
+ pr TS ]e cos™ 2 bz dx



(%) Integrals containing logarithmic functions

474, [ log. ax dz = xlog, ax — x

475

476

477

478.

479.

480.

481

482. / (l"g;_ )"

483

484

485

. [ (log. ax)? dx = z(log, ax)? — 2z log, ax + 2z

. / (log. ax)" dx = z(log, ax)™ — nf (log. az)" ' dx

g

dx
log, ax

f z%log. ax dx =

x3

3

/ z" log, ax dx = z»t?

xZ
zlog.ax dzr = 5] log, ax —

log, ax —

log. ax

2
= é [log, (log, ax) + log, ax + (log, ax)?

2.21!

(a #0)

(n=—1)

3
+ (log. ax) .. ]

3-3!

2

4

3

9

-1 ]
n+1 (n-+1)2

(n = —1)

/ “(log, ax)™dx = iahs (lo )™ — _n /x" (log, ax)™1dz
. z ge - n + 1 geax n + 1 ge

-/
J
J

log, = _
(og. x)™ ,  _

xﬂ
:L- m
i”n) dx

rhdr
log, ax

_ 1
- qrt1

aTlﬁ [Ioge Qoge az) + (n + 1) log, ax
+ (n + 1)%(log, az)?

(n + 1)%(log. az)*

/

22!

edy
Yy

+ 3.3

[y = (n + 1) log, ax]

(myn = —1)
10 % n+1
= 7gl+ i (n = —1)
log, 1
T =Dzl T (= Dt (= 1)
(log, )™ m (log, x)»t de
(n— 1zt "' n-—1 "
(n #1)



486.

f zndr —gntl n+1 " dx
(log, ar)~  (m — 1)(log, az)™* = m — 1) (log. ax)™!

(m #= 1)

dz
487. / 7Tog. oz log, (log. ax)

dz 1
488. _/:v(logc ar)*  (n — 1)(log, ax)*!

489. / sin (log. ax) dz = g [sin (log, ax) —~ cos (log. ax)]
490. f cos (log, ax) dx = g [sin (log. az) + cos (log. ax)]

491. /e“ log. bz dx = le"I log. bx — 1 / gljdac
a al =z

(y) Integrals containing inverse trigonometric and hyper-
bolic functions (a > 0)

. T . T
492, / arcsin dx = x arcsin p + Va? — z?

x_z.._.a_z 1 £ § 2 __ g2
493. /xarcsm dr = (2 4>arcsma+4\/a z
3 J—
494. f z? aresin = dx =73 a,rcsinzg—l—%(x?-i-2(12)\/412—952
zntl . X 1 gt
495. '[:c a.rcsm Tz = pran 1arcsm(—)}—n_i_l \/a2—-x2dx
(n# —1)
arcsm P x 1 a3
496. _[ =aTa3 38
1-3 FAN 1-3:5 7
+2-4-5-5&*4"2-4-6-7-7aﬂ+
(z2 < a?)
arcsinzd:c —
2 - 2
497. /_2_“_ e —Loresin® - 110g6‘1_ii°‘_._.x_
z T a a x



498.

499.

500.

501.

502.

503.

504.

506.

507.

508.

509.

— e e S e

x" arccos

arccos - dx

J
J
J
/
J
J—*

z
arccos 2 dz

x?

z
 arctan a dx

z z® z
z? arctan 2 dzx = = arctan 2

x
™ arctan - dr =

. z\? — .z
(arcsm dx =z (arcsm E) + 2 (\/ a? — z? aresin " x)
arccos = dx =z arccos 2~ Vgt — g2
2  a? T_T
X arecos — da:— = — —)arccos— — - Va*—=z
2 4 a 4

I

3 ——
% arccosg - é (x? + 208)Va? — x?

xn+l x 1 .’E”'H d
do = Frqarccos u+ o0 | Vo™
(ns#—1)
=Tlo :1:—E
g 08 a
z? 1-3 x 1-3-5 7
a® 2.4.5.5a* 2-4-6-7-7a
(a? < @
2 — 2
__arccosg_*__l_log’a_’:tia.__x_
z a a x

r\? A —_— z
(arccos E) dr =z (arccos E) -2 (\/ a? — x? arccos p + x)

T gy = z_a 2 2
arctan p dx = zx arctan P log, (a? + 2?)

ar

L1 2 z_
—2(2: +a)arctana 5

az® | @ 24 g
3 6 +610g,(a + z2?)
! ; nz— a /xn+ldx
n+larca a n+1) a*+ 2

(n»# —1)



510.

511.

512.

513.

514.

517.

519.

/

J

/
J
3
-/

/

z
arctan a dx

X

T
arctan 2 dr

_z _ z x®
a 3% 5%

— ~arctan > — L log.
x a

x7

a2+x2

x? 2a xz?

arctan ~ dz
a = — 1 arctan z
ol (n — 1)x»? a
a dx
+ n—1 / zY(a® + 2?)

arccot Tdr =z arccot + loge (a® + 2?)
x arceot - dx == (x2 + a?) arccot + -

T
x? arccot P dz

T
» arecot p dx

x
arccot p dz

x

x
arccot p dx

22

z
arccot p dr

3

nt1l

x
= arccot 4+

n-i-l

T z
§Iog,x—‘—1+

_1 arccotg + 1 lIo
z a 2a

3

xﬂ

_ 1
(n — zr!

a

n

32a3

e

a vt dy

+1 a? + x*
8 z7
5ias T T

a? + x?
x2

T
arccot —

dz

Tn—-1

/

xr—l1 (a2 + xZ)

— i (al <la])

(n#1)

z? z , ar? a® . )
arecot p + 6 6 log. (a? + z?)

(n = —1)

.« ..

(n#1)



520. f sinh—? g dr =z sinh‘ls ~ Vaz?t + g2
521. / zsinh! Zde = 3 <x2 + )sinh—lg -IVita
522. / cc)sh—lgdx = g cosh~! 2 FVei— gt

(upper sign for cosh—! 2 > 0)

1% g -1X 4 8 2 __ 2
523. /tanh adx z tanh a+2loge (a2 — z?)

Y1
524, /x tanh1Z gy = Z a “t4nh—1 ¥ + a
a a 2

2

1% 5 . 1L 4 @ 2. g2
525. /coth adx z coth a+2loge (x? — a?)
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